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Abst ract - - In  this note, we prove the regularity of solutions of Stokes type systems related to the 
large scale equations of the ocean [1], the primitive quations of the atmosphere and the coupled sys- 
tem atmosphere-ocean [2,3]; the regularity of solutions of strongly elliptic nonhomogeneous problems 
in cylinder-type domains is proved with the same generality as in the homogeneous case and is used 
in the proof of our results. 
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1. INTRODUCTION 
Let O be a bounded open subset of R n - l ,  n >_ 2, and h be a mapping of class C 2 from O into R. 
We define the open set f~ C R n as follows: 
f~ = {(z ' ,xn)  • O x R; h(x') < x~ < 0}, 
where x'  = (X l , . . . ,  xn-1). The lateral  boundary  of f~ is 
0t f~ = {(x', zn) • Rn; x'  • 00 ,  0 < x= < h(x ' )} .  
We consider the following system: 
-Au(z )  + Vx, p(z') = f(z) ,  x • ~2, (1.1) 
fh divz, u(xl , . . . ,Xn- l ,~?)dr l=O, • (9. (1.2) x ! 
(x') 
Here, p(x') = p(x l , . . . ,  x,~-l), u(x) = u(x l , . . . ,  xn) is a vector function in R ~-1 and 
n -  1 ~u i
d ivx ,u (x l , . . . ,Xn)  = ~ ~x i  (2:1'' ' ' '  xn)" 
i=I 
Equat ions (1.1), (1.2) are supplemented with one of the following boundary  condit ions: 
(1.a) Dirichlet boundary  condition: u = 0 on Off. 
(1.b) Dir ichlet-Periodic boundary  conditions: in this case O n-1 = l- l i=l (0, Li),  u,p, h and the first 
derivatives of u are periodic in the directions X l , . . .  ,xn-1, with periods L1 , . . .  ,L ,~- I ,  
respectively, and u(x', O) = u(x', h(x')) = 0 for x '  • O. 
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We will also consider mixed Dirichlet-Neumann boundary condition under a supplementary as- 
sumption in ~. 
We note that equation (1.2) is nonlocal and the domain f~ is not smooth, therefore, the proof 
of the regularity of the solution is difficult; the classical method of difference quotients cannot be 
applied. Problem (1.1) arises in the study of ocean equations [1]; related problems arise in the 
case of atmosphere or the coupled atmosphere-ocean [2,3]. 
2. NONHOMOGENEOUS ELLIPTIC PROBLEMS 
IN CYL INDERS 
Let B be an open bounded set of R n- l ,  with boundary OB of class C 3, and let Q be the 
cylinder B x (-1,0). We will use the classical Sobolev spaces: HS(Q), H~(Q), (cf. [4,5]). Let A 
be the second order differential operator defined by: 
n 
Au = Z Di(aqDju),  (2.1) 
i , j=l 
where aij E CI(Rn), aij = aji, i , j  = 1,.. .  ,n, and 
?% 
Z a i j (x )~ j  <_ -a[~t 2, V~ e R n, x e -Q. (2.2) 
i , j=l 
We prove the following propositions. 
PROPOSITION 2.1. Let ¢ e H~-O/2)(B)), ¢ • H~-O/2)(OB x (-1,0)), with 0 < s < 2, s ~t 1, 
and assume that f belongs to L2(Q). Then the solution of 
Au = f, in Q, 
u = ¢, on B x {-1,0}, (2.3) 
u = ¢, on OB x (-1, 0), 
belongs to HS(Q) for 0 < s < (3/2). Moreover, if ¢ = O, then the above holds for s - (1/2) 
different from 0 and 1, i.e., 
if f E L2(Q), ¢ E H~-(W2)(OB x (-1,0)) ,  then u E HS(Q). (2.4) 
PROPOSITION 2.2. 
that f E L2(Q). Then the unique solution of 
Au + u = f, inQ, 
Ou 
0---~ = ¢' on B x {-1,0}, 
Ou 
0-'~ = ¢' on OB x (-1,0), 
Let ¢ E Hs-(3/2)(B), ¢ E Hs-(3/2)(OB x (-1,0)), with 1 < s < 2. Assume 
(2.5) 
belongs to HS(Q) for I < s < (3/2). Moreover, i re  = 0 then the above holds for s ~ (3/2), i.e., 
if f E g2(Q), C E HS-(a/2) (OB x ( -1 ,0 ) ) ,  then u E HS(Q). (2.6) 
The next proposition is proved under the following condition on 
Vz e 00,  Vh(z) = 0. (*) 
The condition (*) implies that the dihedral angles of gt are equal to ~. The homogeneous case 
of the next proposition is studied in [6]. 
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PROPOSITION 2.3. Assume that the mapping h satisfies (,) and let ¢1 • HS-(3/2)(O), ¢2 • 
HS-(3/2)(h(O)), ¢ • H~-(1/2)(Olfl), with 1 < s < 2. Assume that f • L2(Q). Then the unique 
solution of 
-Au  + u = f, in fi, 
Ou 
Ou ¢1, on O x {0}, 
Ou 
0--~ = ¢2, on h(O), 
u = ¢, on 0l f~, 
(2.7) 
belongs to HS(w), for 1 < s < (3/2). Moreover, if ¢i = 0, i = 1,2, then the above holds for 
s ¢ (3/2), i.e., 
f • L2(f~), ¢ • H~-(1/2)(0~ ), then u • Hs(~).  (2.8) 
PROOF. We prove the propositions first in the case when the operator A is the Laplacian using the 
Schwarz reflection principle and the local regularity results for elliptic boundary value problems 
(cf. [5,7]), for the general strongly elliptic operators, we apply the regularity results due to 
Grisvard [8] and Dauge [6,9]. 
3. REGULARITY  OF  THE STOKES-TYPE  SYSTEM 
We transform the domain f~ to a cylinder Q = O x ( -1,0)  with the aid of the application 
¢ :  R n ~-* N n, ¢(Xl , . . .  ,xn) = (¢i(x))l<i<~, defined by 
y i=¢ i (x )=x i ,  l< i<n-1 ,  yn=¢n(x)=H(X l , . . . , xn -1 )xn .  (3.1) 
We obtain the following equivalent system: 
~-1 OH Op 
- hy,~AHDnfi + 2y2hlVHI2D~fi + 2H ~ - -D~f i  + = ~(y), i = 1,.. , n. (3.2) 
f div'f(y', 77) dr/= -VH f(y',  r/) dr/, 1 (3.3) 
where 
f(y) =u(x) ,  ](y) =f (x )  and H(y') = - -  
1 
h(y') " 
Now we prove the following proposition. 
PROPOSITION 3.1. Let (f,p) be a solution of (3.2), (3.3), (1.a) with ] • (L2(Q)) n- l ,  then 
if (u,p) belongs to (H01(D)) "-1 x L2(fl) there exists (v,w) belonging to (H(o3/2)-~(0)) " - i  x 
(H(3/2)-~(Q)) n-1 where 0 < e < (1/2), such that f = v + w. Moreover, 
Of Off. i - 0 f .  t - 
Oy---~• (H2-~(Q)) n-1 and ~yn(y ,0 ) ,~yn(y , -1 )  are in (n2(o)) ~-1. (3.4) 
Now we are ready to prove the following theorem. 
THEOREM 3.1. Let (u,p) 6 (H01(f~)) n-1 × L2(~) be a solution of(1.1), (1.2), with the Dirichlet 
boundary condition. Assume that f 6 (L2(~)) n-1 and h • C3(O). Then 
u 6 (H2(~)) n-1 , p 6 H i (a ) .  
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[7=0,  
where 
0 ~ ! 
PROOF. We set U(y') = f °  1 g(y', U)d~, _P(y') = f'-i f (Y ,  71)du, and we integrate quation (3.2) 
with respect o Yn between -1  and 0 to obtain a Stokes system in (9: 
-A , -10(y ' )  + V, - lp(y ' )  = -P(y') - A,g(y' ,  ~) d~ + ~ ~) d~ E (L2(O)) n-1 
1 
div~_lO = div,~_lg(y', 7/) drl = -VH-  g(y!, rl) drl • Hi  ((9), 
1 1 
on 0(9, 
= [(  h21VHI 2 + H + 2 E D. Hy.Dou  
n-1 OH 
Bui = -hy~AHDn~i  + 2y2nh[~yH[2D~i + 2H ~ Oxa" 
o~=1 
Thanks to the regularity of the Stokes problem in (9 (cf. [10,11]), we have 
E H2((9) and p • H1((9). 
Now moving the gradient of the pressure to the right hand side of (i.i), Proposition 2.1 concludes 
the theorem. 
THEOREM 3.2. Assume that u,p, f, h and the first derivatives of u are periodic with respect to 
Xl, . . .  ,Xn-1. Then, if f • (Hk(~)) n- l ,  k >_ O, h • ck+3(O), the unique solution (u,p) to the 
problem (1.1), (1.2), (1.b) belongs to (Hk+2(~)) n-I X uk+l (~) .  
PROOF. We extend u, f ,p, h and the first derivatives of u by periodicity to R "-1 x (-1,0),  then 
we localize using a function 8 • C~°(R n-l)  whose support contains (9. Now we use Theorem 3.1 
to conclude for k -- 0. If k _> 1, the proof is done by induction on k. 
4. THE NEUMANN AND THE TRANSMISS ION PROBLEMS 
4.1. The  Neumann Boundary  Value Prob lem 
We suppose that the domain ~2 satisfies the condition (*) and consider the following boundary 
conditions: 
Ou Ou 
u -- 0, on 0Bx( -1 ,0 ) ,  0-~ = ¢1, on Bx{-1} ,  Ov ¢2, on B×(0}, (4.1) 
where 
¢, • ° - '  
The boundary condition (4.1) appears naturally in the large sca/e equation of the ocean [1]. 
THEOREM 4.1. Assume that f • (L2(f~)) n- l ,  ¢i • (H(1/2)(B)) n-1. Then i fu  • (HI(•)) n-1 
and p • L2(f~) are solutions of (1.1), (1.2) with the boundary conditions (4.1), we have 
u • (H2(C~)) ~-~, p • Hi(D). (4.2) 
PROOF. We proceed as in the proof of Theorem 3.1 using Proposition 2.3 to get 
Ou 
Ox---~ E H 2-~ (f~). (4.3) 
We can integrate with respect o xn and conclude that p 6 Hi (B)  and then Proposition 2.3 
concludes that u E (h2(f~)) n-1. 
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4.2. The Transmission Problem 
In this section, we study the regularity of solutions of the following coupled system related to 
the coupled system of atmosphere and ocean [3] 
-Au (x) = f (x ) ,  z • 
~0 L divx, Ua(Xl,~) d~ =0, x ! •~n-1  
-Aus(x )+Vx,ps (x ' )=f (x ) ,  x•~s ,  
fh divx, us(x ' ,~)d~=O, x' • Fi. (x') 
(4.4) 
Here fl~ = T '~-1 x (0, L) where ~l 'n-1 = (R/27rZ) n-1 is the (n - 1)-dimensional torus; ~s is as 
defined in the introduction. The boundary of f~s is the union of 
Fi = O x {0}, Fb = {(x' ,xn);x'  • 0 and xn = h(x')}, (4.5) 
and 
Fz = {(x', xn); x' E 00  and h(x') < xn <_ 0}; 
the boundary of ~ is the union of 
(4.6) 
r i ,  Rn-1 \ Fi and Fu : R n-1 x {L}. 
The boundary conditions are written as follows: 
(4.7) 
~Ua 
Us ---- 0, on Pb, 0"---~- = 0, on Pu, (4.8) 
Oua 
us = 0, on Fl, Ov = g(xl, x2)lual ~ ua, on F¢, (4.9) 
and 
Ou~ Ou~ 
a---v - a---v = g(xl,x2)iUa - Usla(Ua -- Us), on Fi, (4.10) 
where a > 0 and g is a smooth positive function defined in R n- 1. 
The existence and uniqueness of (ua,pa), (us,Ps) follow from the Lax Milgram theorem (see 
reference [3]): 
(ua,pa) • (Hl( f~))  '~-1 x L2(f~a), (us,ps) • (Hl(f~8)) n-1 x L2(f~s), (4.11) 
whenever fa • (L2(f~a)) n-1 and fs • (L2(f~8)) n-1. We prove the following lemma. 
LEMMA 4.1. The unique solution ( IZa,Pa) ,  (us,ps) to the transmission problem (4.4), (4.8), (4.9) 
and (4.10) with a = 0 satisfies 
(ua,pa) • (H2([2a)) n-1 x Hl(f~a), (us,ps) • (H2(f~s)) n-1 × Hl(f~8). (4.12) 
PROOF. We use Sobolev imbedding theorems and Propositions 2.1, 2.2. 
THEOREM 4.2. The unique solution (ua,p~), (us,ps) to the transmission problem (4.4), (4.8), 
(4.9), and (4.10) with 0 < a < 3 and n = 3 satisfies 
(u~,p~) e (H2([2a)) 2 x Hl(f~a), (us,ps) • (H2(f~s)) 2 x Hl(f~8). (4.13) 
In an upcoming paper, we will study similar problems on the sphere and the regulaxity of evo- 
lution problems (Primitive equations of the atmosphere, of the ocean, and the coupled equations 
atmosphere ocean). 
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